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$s_{1}$ $arrow$ 1 $\frac{1}{2}$ 31 $\frac{1}{4}$ . . .
$\Delta s_{1}$ $arrow$ $\frac{1}{2}$ $\frac{1}{6}$ . . .
$\Delta^{2}s_{1}$ $arrow$ $\frac{1}{3}$ $\frac{1}{12}$ . . .
$\triangle^{3}s_{1}$ $arrow$ $\frac{1}{4}$ . . .
$s_{1}(n)$ $:=1/(n+1)(n\in \mathbb{N})$
$a:\mathbb{N}arrow \mathbb{C}$
$(\triangle a)(n) :=a(n)-a(n+1) (n\in \mathbb{N})$








$s_{m}(n):= \frac{1}{(n+1)^{m}} (n\in \mathbb{N})$
$\nabla s_{m}$
$( \nabla s_{m})(n)=\sum_{n=n_{1}\geq\cdots\geq n_{m}\geq 0}\frac{1}{(n_{1}+1)\cdots(n_{m}+1)}$




















2 $x_{1},$ $\ldots,$ $x_{p}\in \mathbb{C}$












$s_{2,2}$ $\nabla s_{2,2}=s_{1,2,1}$ $(\triangle^{k_{S_{2,2}}})(n)$
$k=0$
$s_{2,2}(n)= \sum_{n=n_{1}\geq n_{2}\geq 0}\frac{1}{(n_{1}+1)^{2}(n_{2}+1)^{2}}$
$n=0$
$s_{1,2,1}(k)= \sum_{k=k_{1}\geq k_{2}\geq k_{3}\geq 0}\frac{1}{(k_{1}+1)(k_{2}+1)^{2}(k_{3}+1)}$
$(\triangle^{k_{\mathcal{S}_{2,2}}})(n)$








2’ $x_{1},$ $\ldots,$ $x_{p}\in \mathbb{C}$
$(\triangle^{k_{C_{x_{1},\ldots,x_{p}}}})(n)=c_{x_{1},\ldots,x_{p};1-x_{1},\ldots,1-x_{p}}(n, k)$ .




$C_{x_{1},\ldots,x_{p}}(n)= \sum_{n=n_{1}\geq\cdots\geq n_{p}\geq 0}\frac{x_{1}^{n_{1}-n_{2}}.\cdots x_{p}^{n_{p}}}{(n_{1}+1)\cdot\cdot(n_{p-1}+1)},$
$c_{x1,\ldots,x_{p};y_{1},\ldots,y_{P}}(n, k)=n=n \geq\cdots\geq n_{p}\geq 0k=k_{1}\geq\cdots\geq k_{p}\geq 0\sum_{1}P\frac{(x_{1^{1}}^{n-n2}\cdots x_{p}^{n_{p}}.)(y_{1}^{k_{1}-k_{2}}\cdots y_{p}^{k_{p}})}{(n_{1}+k_{1}+1)\cdot\cdot(n_{p-1}+k_{p-1}+1)}.$
$r=1,2$ :
$c_{x_{1};\cdots;x_{r}}(n_{1}, \ldots, n_{r})=\sum_{n_{1}=n_{11}\geq\cdots\geq n_{1p}\geq 0}Q$
$n_{r}=n_{r1}\geq\cdots\geq n_{rp}\geq 0$
$\cross\frac{(x_{1.1}^{n11^{-n_{12}}}\cdots x_{1p}^{n_{1p}}.)..\cdots(x_{r1}^{n_{r1}-n_{r2}}\ldots\cdots x_{rp}^{n_{rp}})}{(n_{11}+\cdot\cdot+n_{r1}+1)(n_{1p-1}++n_{rp-1}+1)},$
$Q=(\begin{array}{lll}n_{1}+ \cdots +n_{r}n_{1} \cdots n_{r}\end{array})(\begin{array}{lll}n_{l1}-n_{12}+ \cdots +n_{rl}-n_{r2}n_{l1}-n_{12} \cdots n_{rl}-n_{r2}\end{array})\cdots(\begin{array}{lll}n_{1p}+ \cdots +n_{rp}n_{1p} \cdots n_{rp}\end{array}).$
$x_{i}=(x_{i1}, \ldots, x_{ip})\in \mathbb{C}^{p}$
$r=1$
$a:\mathbb{N}^{r}arrow \mathbb{C}$
$(\triangle_{i}a)(n_{1}, \ldots, n_{r}):=a(n_{1}, \ldots, n_{r})-a(n_{1}, \ldots, n_{i}+1, \ldots, n_{r})$ ,




) $c_{x_{1};\cdots;x_{r}}(n_{1}, \ldots , n_{r})$
$\nabla c_{x_{1};\cdots;x_{r}}$
$C_{1-x_{1};\cdots;1-x_{r}}$ $x=$ $(x_{1}, \ldots , x_{p})\in \mathbb{C}^{p}$









$=c_{x_{1};\cdots;x_{r};1-x_{1;\cdot\cdot;}1-x_{r}}(n_{1}, \ldots, n_{r}, k_{1},\ldots, k_{r})$ .
3, 3’ [2] ( (1)
) $s_{\mu}(n)$
$c_{x_{1};\cdots;x_{r}}(n_{1} , . . . , n_{r})$ $s_{\mu}(n)$
$coe_{1};\cdots;x_{r}(n_{1}, \ldots , n_{r})$
2
$a(0)$ $a(1)$ $a(2)$ $a(3)$ . . .
$a(0)-a(1)$ $a(1)-a(2)$ $a(2)-a(3)$ . . .
$a(O)-2a(1)+a(2)$ $a(1)-2a(2)+a(3)$ . . .
$a(0)-3a(1)+3a(2)-a(3)$ . . .
$a:\mathbb{N}arrow \mathbb{C}$
$( \nabla a)(n)=\sum_{k=0}^{n}(-1)^{k}(\begin{array}{l}nk\end{array})a(k) (n\in \mathbb{N})$
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2 $\Delta(\nabla a),$ $3$ $\Delta^{2}(\nabla a),$ $\ldots$
$\nabla^{2}a=a$
$\sum_{k=0}^{n}(-1)^{k}(\begin{array}{l}nk\end{array})(\nabla a)(k)=a(n)$ (3)






(3) $a(n)$ $g_{a}(z)$ $a$
$z\in \mathbb{C}$
: $-\infty\leq\xi\leq\infty$




$g_{a}(z)$ ${\rm Re} z>\xi$
$a,$ $b,$
$c:\mathbb{N}arrow \mathbb{C}$
$a(n)b(n)+c(n)=0 (n\in \mathbb{N})$ (4)
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$g_{a}(z),$ $g_{b}(z),$ $g_{c}(z)$ ${\rm Re} z>\xi$
$g_{a}(z)_{9b}(z)+g_{c}(z)=0 ({\rm Re} z>\xi)$ (5)
(4)
4 $\xi,$ $\eta_{\in \mathbb{R}},$ $\eta\geq\xi$ ${\rm Re} z>\xi$ $f(Z)$ ${\rm Re} z>\eta$
$n\in \mathbb{N}$















${\rm Re} z>-\mu_{1}$ $z=-\mu_{1}$






















$(\mu_{1})\overline{*}(\nu_{1})=(\mu_{1}, v_{1})+(\nu_{1}, \mu_{1})-(\mu_{1}+\nu_{1})$ ,
$(\mu_{1}, \mu_{2})\overline{*}(\nu_{1})=(\mu_{1}, \mu_{2}, \nu_{1})+(\mu_{1}, \nu_{1}, \mu_{2})+(\nu_{1}, \mu_{1}, \mu_{2})$
$-(\mu_{1}, \mu_{2}+\nu_{1})-(\mu_{1}+\nu_{1}, \mu_{2})$ ,
$(\mu_{1}, \mu_{2})\overline{*}(\nu_{1}, v_{2})=(\mu_{1}, \mu_{2}, \nu_{1}, v_{2})+(\mu_{1}, \nu_{1}, \mu_{2}, \nu_{2})+(\nu_{1}, \mu_{1}, \mu_{2}, \nu_{2})$
$+(\mu_{1}, v_{1}, \nu_{2}, \mu_{2})+(\nu_{1}, \mu_{1}, v_{2}, \mu_{2})+(\nu_{1}, \nu_{2}, \mu_{1}, \mu_{2})$
















$\mu=(1),$ $\nu=(2)$ : $(2, 1)+(1,2)-(1,1,1)$
$\mu=(1),$ $\nu=(1,1)$ : $3(3)-(1,2)-(2,1)$
4
$\mu=(1),$ $\nu=(3)$ : $(2,1,1)+(1,1,2)-(1,1,1,1)$
$\mu=(1),$ $\nu=(2,1)$ : $(2,2)+2(1,3)-(1,1,2)-(1,2,1)$
$\mu=(1),$ $\nu=(1,2)$ : $(2,2)+2(3,1)-(2,1,1)-(1,2,1)$
$\mu=(1),$ $\nu=(1,1,1)$ : $4(4)-(1,3)-(2,2)-(3,1)$
$\mu=(2),$ $\nu=(2)$ : $2(1,2,1)-(1,1,1,1)$
$\mu=(2),$ $\nu=(1,1)$ : $(1,3)+(2,2)+(3,1)-(1,1,2)-(2,1,1)$
$\mu=(1,1),$ $\nu=(1,1)$ : $6(4)-2(1,3)-2(2,2)-2(3,1)+(1,2,1)$











Lyndon word Lyndon word








4: (4), (1, 3), (1, 1, 2),

















$(2, 2)= \frac{1}{2}(4)+\frac{1}{2}(2)\overline{*}(2)$ ,
$(3, 1)=(4)-(1,3)+(1)\overline{*}(3)$ ,
$(1, 1, 2)=(1,1,2)$ ,
(1,2,1) $= \frac{1}{2}(4)+(1,3)-2(1,1,2)+\frac{1}{2}(2)\overline{*}(2)+(1)\overline{*}(1,2)$ ,
(2,1,1) $= \frac{1}{2}(4)-(1,3)+(1,1,2)+(1)\overline{*}(3)-(1)\overline{*}(1,2)+\frac{1}{2}(1)\overline{*}(1)\overline{*}(2)$ ,
$(1, 1, 1, 1)= \frac{1}{4}(4)+\frac{1}{3}(1)\overline{*}(3)+\frac{1}{8}(2)\overline{*}(2)+\frac{1}{4}(1)\overline{*}(1)\overline{*}(2)+\frac{1}{24}(1)\overline{*}(1)\overline{*}(1)\overline{*}(1)$.
Lyndon word $m$ $V_{m}$
$V_{1}$ $:(1)$ ,
$V_{2}$ $:(2),$ (1) $\overline{*}(1)$ ,
$V_{3}$ :(3), (1, 2), (1) $\overline{*}(2),$ (1) $\overline{*}(1)\overline{*}(1)$ ,
$V_{4}$ :(4), (1, 3), (1, 1, 2), (1) $\overline{*}(3),$ (1) $\overline{*}(1,2),$ (2) $\overline{*}(2)$ ,
(1) $\overline{*}(1)\overline{*}(2),$ (1) $\overline{*}(1)\overline{*}(1)\overline{*}(1)$ ,
$W_{m}$
Lyndon word $m$ 2
$W_{2}$ $:(1)\overline{*}(1)$ ,
$W_{3}$ : (1) $\overline{*}(2),$ (1) $\overline{*}(1)\overline{*}(1)$ ,
$W_{4}$ :(1) $\overline{*}(3),$ (1) $\overline{*}(1,2),$ (2) $\overline{*}(2),$ (1) $\overline{*}(1)\overline{*}(2)$ ,
(1) $\overline{*}(1)\overline{*}(1)\overline{*}(1)$ ,
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$\sum_{d|m}dL_{d}=2^{m}-1 (m\geq 1)$ .
$mL_{m}= \sum_{d|m}\mu(\frac{m}{d})(2^{d}-1)=\sum_{d|m}\mu(\frac{m}{d})2^{d} (m\geq 2)$
$L_{m}$
$\mu$














[1] G. Kawashima, $A$ class of relations among multiple zeta values, J.
Number Theory 129 (2009) 755-788.
[2] G. Kawashima, $A$ generalization of the duality for multiple harmonic
sums, J. Number Theory 130 (2010) 347-359.
47
